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Is the Labor Market Competitive?

■ In Hopenhayn-Rogerson, all firms pay the same wage to all workers 

■ This is a natural consequence of the competitive labor market 

■ Of course, in the data, average wages differ greatly across firms 

■ Is this a rejection of the competitive labor market? 
— not necessarily because firms employ different workers
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AKM Model
■ Consider the following statistical model by Abowd, Kramarz, and Margolis (1999): 

 

• : wage of worker  at time  
• : firm employing worker  at time  
• : wage premium of firm  

■ Assume  for all . This embeds: 
1. Worker’s mobility decisions are not driven by time-varying wage fluctuations 
2. log wages are additively separable between worker- and firm-components 

■ Then, worker’s movements across firms identify  (up to a constant):

wit i t
j(i, t) i t
ψj j

𝔼[ϵit | j(i, s)] = 0 i, t

ψj
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ln wit = αi + ψj(i,t) + ϵit

𝔼[ln wit′￼
− ln wit | j(i, t′￼) = j, j(i, t) = k] = ψj − ψk



Firm Wage and Wage Inequality (US)

■ Variance in Firm FE accounts for 8-12% of wage inequality 

■ Cov(Worker FE, Firm FE) > 0, more so in the recent periods 
• Often interpreted as “high-wage workers work for high-wage firms”
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TABLE III
BASIC DECOMPOSITION OF THE RISE IN INEQUALITY OF ANNUAL EARNINGS

Interval 1 Interval 2 Interval 3 Interval 4 Interval 5 Change from
(1980–1986) (1987–1993) (1994–2000) (2001–2007) (2007–2013) 1 to 5

Comp. Share Comp. Share Comp. Share Comp. Share Comp. Share Comp. Share
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

Total Var(y) 0.708 — 0.776 — 0.828 — 0.884 — 0.924 — 0.216 —
variance

Components Var(WFE) 0.330 46.6 0.375 48.3 0.422 51.0 0.452 51.2 0.476 51.5 0.146 67.6
of variance Var(FFE) 0.084 11.9 0.075 9.7 0.067 8.1 0.075 8.5 0.081 8.7 −0.003 −1.6

Var(Xb) 0.055 7.8 0.065 8.4 0.079 9.5 0.061 6.9 0.059 6.4 0.004 1.8
Var(ϵ) 0.154 21.7 0.148 19.1 0.146 17.6 0.149 16.8 0.136 14.7 −0.018 −8.2
2*Cov(WFE, FFE) 0.033 4.7 0.057 7.3 0.076 9.2 0.094 10.6 0.108 11.7 0.075 34.8
2*Cov(WFE, Xb) 0.028 3.9 0.029 3.7 0.013 1.6 0.028 3.1 0.036 3.9 0.009 4.1
2*Cov(FFE, Xb) 0.022 3.1 0.025 3.3 0.023 2.7 0.024 2.7 0.027 2.9 0.005 2.2

Sum of Cov(y, FFE) 0.112 15.8 0.116 14.9 0.117 14.1 0.134 15.1 0.148 16.0 0.037 16.9
firm components

Counterfactuals 1. No rise in corr(WFE, FFE) 0.708 0.750 96.7 0.784 94.6 0.826 93.4 0.854 92.4 0.146 67.5
2. No fall in var(FFE) 0.708 0.788 101.4 0.854 103.1 0.898 101.6 0.929 100.6 0.221 102.4
3. Both 1 and 2 0.708 0.763 98.3 0.807 97.4 0.838 94.8 0.859 92.9 0.150 69.7

Notes. Var(y): variance of annual earnings, Var(WFE): variance of worker fixed effects, Var(FFE): variance of firm fixed effects, Var(Xb): variance of covariates, Var(ϵ): variance
of residual.

Sum of firm-related components is equal to var(FFE) + Cov(WFE, FFE) + Cov(FFE, Xb). Only men are included in these statistics. Only firms and individuals in firms with at
least 20 employees are included. Only employed individuals aged 20 to 60 are included in all statistics, where “employed” is defined as earning the equivalent of 2013 minimum
wage, adjusted for inflation with the PCE, for 40 hours per week in 13 weeks. Individuals and firms in public administration or educational services are not included.

Downloaded from https://academic.oup.com/qje/article/134/1/1/5144785 by guest on 28 November 2024

Source: Song, Price, Guvenen, Bloom, and Wachter (2019)
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Higher Value Added, Higher Firm Wage (Portugal)
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Figure IV: Firm Fixed Effects vs. Log Value Added/Worker
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Female firm effects
(fitted slope = 0.137)
right scale

Best‐fitting normalization:
Rent sharing starts at Log(VA/L) > 2.45

Note: points shown represent mean estimated firm‐specific wage premiums from AKM models for men and women, 
averaged across firms with value added data available in 100 percentile bins of mean log value added per worker.  See text 
for explanation of arbitrary normalization of the firm effects.

Source: Card, Cardoso, & Kline (2016).



Larger Firm, Higher Firm Wage? (US)
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We also plot the average values of worker 
and firm earnings components estimated using 
the AKM estimation equation (1)—in particular 
the firm fixed effect (triangles) and worker fixed 
effect (diamonds). Time-variant worker charac-
teristics and the residual component are omitted 
to highlight the key forces driving the changes 
over time.

In terms of AKM wage components, the figure 
shows two key results. First, the major driver of 
the LFWP in earlier time periods is the firm fixed 
effect, which accounted for around 70 percent of 
the LFWP from 1980 to 1986. That is, the same 
workers appear to get paid more to work in larger 
firms. Another 20 percent of the LFWP is driven 
by selection effects—workers in larger firms have 
superior worker fixed effects. The second main 
finding is that the reduction in the LFWP has 
almost entirely been driven by the drop in the firm 
fixed effect premium by firm size. In particular, 
average earnings have fallen notably for the larg-
est firm size group (15,000+ employees), driven 
almost entirely by the drop in the firm fixed effect. 
So, the fall in the LFWP appears to be driven by 
firms of 1,000 employees or more no longer pay-
ing above market salaries to their workers.

In Table 1 we formally decompose the change 
in the LFWP into its constituent AKM wage 

components. Given equation (1), log earnings is 
additively separable into the AKM components. 
Therefore, the coefficients in regressions of 
AKM components on log firm size mechanically 
add up to the total coefficient of log earnings on 
log firm size. The decomposition confirms the 
message of Figure 2. The decline in the rela-
tionship between firm fixed effects and firm size 
accounts for 87 percent of the total decline in 
the large firm premium. Another factor is a fall 
in the return to time-varying worker character-
istics at large firms—contributing 20 percent to 
the total decline in the LFWP. As these charac-
teristics include year and age effects, this result 
suggests that larger firms are becoming rela-
tively younger. In contrast, selection of worker 
types by firm size has remained relatively stable 
over the period. In fact, large firms are slightly 
more likely to hire high-wage workers in the 
most recent period. This modest compositional 
upgrading mitigates the decline of the LFWP—
accounting for an 8 percent increase.

In order to further understand the decline of 
the LFWP, we turn to an industry analysis. Table 
2 presents employment and the LFWP in both the 
first and last estimation intervals by nine broad 
industries. A few patterns are evident. First, we 
find a general decline in the LFWP within most 
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Dispaced Workers Suffer Wage Losses…
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400 AER: INSIGHTS SEPTEMBER 2023

Figure 1. The Effect of Job Loss across Countries

Notes: The figure shows event study estimates of the job loss effects from equation (1). Estimates are relative to   
t   ∗   − 3, where   t   ∗   is the job loss year. The coefficients in panel A are rescaled using average predisplacement labor 
earnings. The outcome in panel B is an indicator equal to one if a worker has at least one day of work in the corre-
sponding year. Point estimates and standard errors are displayed in Table 2.
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Source: Bertheau, Accabi, Barcelo, Gulyas, Lambardi & Saggio (2023).
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… Because Workers Move to Firms with Lower Firm FE

8

406 AER: INSIGHTS SEPTEMBER 2023

European countries. While earnings losses five years after job displacement are 
around 10 percent in northern European countries, they are almost 30 percent in 
southern European countries, with Austrian workers facing losses in between and 
French workers’ losses being more similar to those of northern European work-
ers. Crucially, these earnings differences appear to be driven by differences in 
 reemployment probabilities since a significant fraction of displaced workers from 
Italy, Portugal, and Spain are unable to  reenter the labor market postdisplacement. 
This effect is more pronounced among women.

Focusing on wages, a key factor in driving wage losses following job displace-
ment is reallocation to  worse-paying employers. Specifically, the share of wage 
losses explained by losses in AKM  employer-specific wage premiums ranges from 

Table 3—Loss of  Employer-Specific Wage Premiums

AKM employer wage premium Log daily wage Ratio
(1) (2) (3)

Denmark
k = 1 −0.025 (0.001) −0.063 (0.002) 0.40
k = 5 −0.018 (0.001) −0.040 (0.002) 0.44

Observations (thousands) 3,674 3,674

Sweden
k = 1 −0.027 (0.001) −0.098 (0.003) 0.28
k = 5 −0.026 (0.001) −0.051 (0.003) 0.51

Observations (thousands) 1,937 1,937

Austria
k = 1 −0.061 (0.001) −0.105 (0.002) 0.58
k = 5 −0.064 (0.001) −0.112 (0.002) 0.57

Observations (thousands) 1,048 1,048

France
k = 1 −0.025 (0.002) −0.036 (0.003) 0.70
k = 5 −0.030 (0.002) −0.044 (0.004) 0.68

Observations (thousands) 489 489

Italy
k = 1 −0.023 (0.001) −0.053 (0.002) 0.43
k = 5 −0.028 (0.002) −0.057 (0.003) 0.49

Observations (thousands) 1,262 1,262

Spain
k = 1 −0.023 (0.003) −0.097 (0.004) 0.24
k = 5 −0.045 (0.004) −0.129 (0.006) 0.35

Observations (thousands) 259 259

Portugal
k = 1 −0.029 (0.001) −0.029 (0.002) 1.00
k = 5 −0.044 (0.001) −0.043 (0.002) 1.01

Observations (thousands) 2,525 2,525

Notes: The table reports estimates from the event study model, (1) , with  k  denoting the time since the job displace-
ment event. Column 1 reports results where AKM employer fixed effects is used as the dependent variable. Column 
2 reports results where the log daily wage is used as the dependent variable. The resulting share of losses in log 
daily wages due to losses in  employer-specific wage premiums is shown in column 3. Effects on log daily wages are 
calculated with the  subsample of displaced (and matched control) workers whose employer at time t belongs to the 
 within-country largest connected set of firms associated with equation (2). Standard errors, clustered at the individ-
ual level, are reported in parentheses.

Source: Bertheau, Accabi, Barcelo, Gulyas, Lambardi & Saggio (2023).



Discussions
1. Even if one believes in AKM model, there are lots of econometrics issues 

• Take labor sequence, or see Kline (2024) for an excellent survey 
• Frontier: clustering approach by Bonhomme, Lamadon & Manresa (2019) 

2. Do we believe in AKM model? 
• Easy to write down a model that leads to AKM equation 
• But, if all workers equally benefit from high-wage firms, why do high-wage workers 

work for high-wage firms? 
• See Borovicková & Shimer (2024) for a beautiful criticism of AKM model 

3. Did we reject the competitive labor market in the end? 
• I am not sure…, but let’s pretend we did and move on
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Hopenhayn-Rogerson with Search Friction 
— Based on McCrary (2022)
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Environment

■ Firms 

• hire workers by posting a vacancy  

■ Workers 
• search for a job while unemployed 
• No on-the-job search for simplicity 

■ Random matching market with CRS matching function  

■ Wages are determined by Nash bargaining  “firm wage”

v

M(u, v)

⇒

11



Technology
■ Firms hire workers by posting vacancies  

• Each vacancy meets with a worker at rate  where  
• The vacancy cost is  

■ Worker separations occur either (i) at exogenous rate  or (ii) firing 

■ The firm size evolves according to 

■ Firms’ technology is , where  follows a diffusion process 

■ Firms can exit to obtain  

■ Firms pay wages , which are determined through bargaining

v

q(θ) = M(1/θ,1) θ ≡ v/u
Φ(v, n)

s

y(z, n) = z1−αnα z

J ≡ 0

w

12

dnt = (q(θ)v − sn)dt − firing



Firm Value and Policy Functions
■ Firm’s policy functions: 

• wage:  
• vacancy:  
• size of retained workers post-firing:  
• exit:  

■ When firms do not fire/exit, the HJB equation of a firm for a given wage  is  
 
 

■ When firms fire:  

■ When firms exit: 

w(n, z)
v(n, z)

nf(n, z)
χ(n, z)

w(n, z)

J(n, z) = J(nf(n, z), z)

J(n, z) = 0
13

rJ(n, z) = y(n, z) − cf − w(n, z)n − Φ(v(n, z), n) + (q(θ)v(n, z) − sn)Jn(n, z)

+μ(z)Jz(n, z) +
1
2

σ(z)2Jzz(n, z)



Worker’s HJB

■ Unemployed workers receive UI benefits of , and find jobs at rate  

■ Let  denote the unemployment value 

■ When firms do not fire or exit in state : employed worker’s HJB solves 
 
 

■When firms fire:  

■When firms exit: 

b λ(θ)

U

(n, z)

W(n, z) = nf(n, z)
n W(nf(n, z), z) + (1 − nf(n, z)

n ) U

W(n, z) = U

14

rW(n, z) = w(n, z) + s(U − W(n, z)) + (q(θ)v − s)Wn(n, z) + μ(z)Wz(n, z) +
1
2

σ(z)2Wzz(n, z)



Wage Barganing
■ In each period, a coalition of workers and a firm bargain to determine  

■ We assume Nash bargaining with worker bargaining power  

■ The Nash bargaining problem in state  is 
 

■ Noting , FOC w.r.t.  is 

■ Defining joint match surplus ,

w, v, nf, χ

γ

(n, z)

∂W(nf , z)
∂w = − ∂J(nf , z)

∂w w

S(n, z) ≡ J(n, z) + (W(n, z) − U)n

15

max
w,v,χ,nf≤n

(W(nf, z)nf − Unf)γJ(nf, z)1−γ

(1 − γ)(W(nf, z)nf − Unf) = γJ(nf, z)

(W(nf, z)nf − Unf) = γS(nf, z), J(nf, z) = (1 − γ)S(nf, z)

(1)

(2)



Bilateral Efficiency

■ Substituting (2) back into (1), we have 
 

■ Result: vacancy, firing, and exit policies maximize joint match surplus

16

max
v,χ,nf≤n

γγ(1 − γ)1−γS(nf, z)



Joint Match Surplus
■ Recall when there is no firing or exit 

 
 
 
 
 
 

17

rJ(n, z) = y(n, z) − cf − w(n, z)n − Φ(v, n) + (q(θ)v − sn)Jn(n, z)

+μ(z)Jz(n, z) +
1
2

σ(z)2Jzz(n, z)

rW(n, z)n − rUn = w(n, z)n − rUn + s(Un − W(n, z)n) + (q(θ)v − sn)Wn(n, z)n

+μ(z)Wz(n, z)n +
1
2

σ(z)2Wzz(n, z)n



Joint Match Surplus
■ Recall when there is no firing or exit 

 
 
 
 
 
 

■ Adding up the above two, and noting Sn(n, z) = Jn(n, z) + Wn(n, z)n + (W(n, z) − U)

17

rJ(n, z) = y(n, z) − cf − w(n, z)n − Φ(v, n) + (q(θ)v − sn)Jn(n, z)

+μ(z)Jz(n, z) +
1
2

σ(z)2Jzz(n, z)
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2

σ(z)2Wzz(n, z)n
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σ(z)2

2
Szz(n, z)



Joint Match Surplus
■ Recall when there is no firing or exit 

 
 
 
 
 
 

■ Adding up the above two, and noting Sn(n, z) = Jn(n, z) + Wn(n, z)n + (W(n, z) − U)

17

rJ(n, z) = y(n, z) − cf − w(n, z)n − Φ(v, n) + (q(θ)v − sn)Jn(n, z)

+μ(z)Jz(n, z) +
1
2

σ(z)2Jzz(n, z)

rW(n, z)n − rUn = w(n, z)n − rUn + s(Un − W(n, z)n) + (q(θ)v − sn)Wn(n, z)n

+μ(z)Wz(n, z)n +
1
2

σ(z)2Wzz(n, z)n

rS(n, z) = y(n, z) − cf − Φ(v, n) − rnU − s(W(n, z) − U)n

+(q(θ)v − sn)(Sn(n, z) − (W(n, z) − U)) + μ(z)Sz(n, z) +
σ(z)2

2
Szz(n, z)

γS(n, z)/n

γS(n, z)



HJB-QVI
■ Since  maximize the joint match surplus,  solve the following HJB-QVI: 

 
 
 
 
where dependence on  is omitted for brevity, and  
 

■ Entrants draw  from cdf . The entry is given by

v, nf, χ S(n, z)

(n, z)

(n, z) Ψ(n, z)

18

min rS − max
v [y(n, z) − cf − Φ(v, n) − rnU + (q(θ)v − sn)Sn − q(θ)v

1
n

γS + μ(z)Sz +
σ(z)2

2
Szz], S − Sf = 0

Sf(n, z) = max {max
nf≤n

S(nf, z),0}

mt = M × ( 1
c̄e

∫ (1 − γ)S(n, z)
J(n,z)

dΨ(n, z))ν



Wage Formula
■ Result: The wage function  is given by 

 
 

• Proof: Since , worker’s HJB can be written as 
 
 
 

• The surplus solves 
 
 
 

• Multiply (4) by  and subtract from (3) gives the formula

w(n, z)

(W(n, z) − U)n = γS(n, z)

γ
19

rγS(n, z)n = w(n, z)n − rUn − sγS(n, z) + (q(θ)v − sn)(γSn(n, z) − γS(n, z)/n)
+μ(z)γSz(n, z)n+ σ(z)2

2 γSzz(n, z)n

rS(n, z)n = y(n, z) − cf − Φ(v, n) − rUn + (q(θ)v − sn)Sn − q(θ)vγS(n, z)/n

+μ(z)Sz(n, z) + σ(z)2

2 Szz(n, z)

(3)

(4)

w(n, z) = γ
1
n (y(n, z) − cf − Φ(v, n)) + (1 − γ)(rU + q(θ)

v
n

γS(n, z)
1
n )



Stationary Distribution
■ Define  as the infinitesimal generator defined for a function : 

 
 
 
 
where ,  
 
 

■ Let  be adjoint operator of  . The steady-state distribution  satisfies

𝒜KFE f(n, z)

dn(n, z) ≡ q(θ)v(n, z) − s

𝒜†
KFE 𝒜KFE g(n, z)

20

𝒜KFE f(n, z) = μ(z)fz(n, z) +
1
2

σ(z)2 fzz(n, z) + dn(n, z)fn(n, z)

+Λfire(n, z)[f(nf(n, z), z) − f(n, z)] − Λexit(n, z)f(n, z)

Λfire(n, z) = {∞ if n > nf(n, z)
0 if n ≤ nf(n, z)

, Λexit(n, z) = {∞ if χ(n, z) = 1
0 if χ(n, z) = 0

0 = 𝒜†
KFEg(n, z) + mψ(n, z)



Rest of the Model
■ Aggregate employment and unemployment  in this economy is 

 
 

■ Aggregate vacancy and market tightness are  
 
 
 

■ The value of unemployment can be written as

21

N = ∫ ∫ ng(n, z)dndz

V = ∫ v(n, z)g(n, z)dndz

θ =
V
u

u = 1 − N

rU = b + λ(θ)γ ∫ S(n, z) 1
n dg(n, z) + m ∫ ndΨ(n, z)

u ∫ γ n
∫ ndΨ(n, z) S(n, z)dΨ(n, z)



Numerical Illustration
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Fixed Point Problem

■ Firm’s problem depends on the aggregate through two endogenous variables: 

1. Market tightness,  
2. Unemployment value,  

■ These two have to be in turn consistent with equilibrium: 

1.  
2.  

■ Two-dimensional fixed point problem

θ
U

θ = V/u
rU = b + λ(θ)γ ∫ S(n, z) 1

n dg(n, z) + m ∫ ndΨ(n, z)
u ∫ γ n

∫ ndΨ(n, z) S(n, z)dΨ(n, z)
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min rS − max
v [y(n, z) − cf − Φ(v, n) − rnU + (q(θ)v − sn)Sn − q(θ)v

1
n

γS + μ(z)Sz +
σ(z)2

2
Szz], S − Sf = 0



Steady State Algorithm
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Guess (U, θ)

Solve HJB-QVI to obtain : {S(n, z), v(n, z), nf(n, z), χ(n, z)}
min {rS − max

v [y(n, z) − cf − Φ(v, n) − rnU + (q(θ)v − sn)Sn − q(θ)v
1
n

γS + μ(z)Sz +
σ(z)2

2
Szz], S − Sf} = 0

Compute entry: 
mt = M × ( 1

c̄e
∫ (1 − γ)S(n, z)dΨ(n, z))

ν

yes

Solve KFE to obtain : g̃(z)
0 = 𝒜†

KFEg(n, z) + mψ(n, z)

Compute implied . 
?

(Unew, θnew)
(Unew, θnew) ≈ (U, θ)Update (U, θ)

no

Done



Parameterization

■ Assume , and set  

■ Assume , and set  

■ Set  

■ Set  so that , and set  so that  

■ The rest of the parameters are the same as in the lecture note 2

Φ(v, n) = ϕ
κ (v/n)κn ϕ = 0.1,κ = 2

M(u, v) = uηv1−η η = 0.5

γ = 0.5

ce θ = 1 b U = 5
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Higher Value Added, Higher Firm Wage
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Larger Firm, Higher Firm Wage?
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Labor Share

28


