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Sorting in the Labor Market

■ In all the models we considered so far, there is no sorting 

■ Good workers are equally likely to work for good firms and bad firms 

■ In the data, “good” workers are substantially more likely to work for “good” firms 
• Recall findings from AKM and BLM in lecture note 1 

■ Why?
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Frictionless Model of Matching 

— Becker (1974)
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Environment
■ Continuum of workers divided into type  with mass  

■ Continuum of firms divided into type  with mass  

■ A firm of type  hiring a type  worker produces  

■ Competitive labor market with wage  for type  workers 

■ A firm chooses which worker to hire, taking  as given: 
 

■ What can we say about the matching pattern ? 
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ζ(p) = arg max
z

f(z, p) − w(z)



Positive Assortative Matching

■ Proof immediately follows from Topkis’ monotonicity theorem 

■ If high  and high  are complementary, high  is matched with high  

■ Negative assortative matching (NAM) obtains under 

z p z p

∂z,p f(z, p) ≤ 0
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Suppose  is supermodular:  
 
 
Then,  is increasing in . That is, there is positive assortative matching (PAM).

f

ζ(p) p

∂z,p f(z, p) ≥ 0.



Matching with Search Friction 
 
— Shimer & Smith (2000)

6



Why Search Friction?

Becker model predicts that… 

1. There cannot be unmatched agents on both sides 

2. No mismatch  all the job-to-job transitions come from a change in fundamentals 

3. No wage dispersion within a firm 

Search theory gives a natural resolution for all of them 

⇒
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Environment

■ Continuous time,  

■ Workers with discrete types  and associated mass of  

■ Jobs (firms) with discrete types  and associated mass of  
• Differently from earlier lecture notes, assume vacancies are durable 
• If workers quit/separate, the job becomes vacant 

■ All agents are risk-neutral with discount rate  

■ For notational simplicity, assume flow value of unemployment & vacancy are zero 

■ A match  produces  units of output

t ∈ [0,∞)

z mz

p np

ρ

(z, p) f(z, p)
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Search Friction
■ Search is random, and no on-the-job search for now 

■ The matching function is 

■ The rate at which an unemployed worker meets with type  firm is 
 
 

■ Likewise, the meeting rate of a vacancy with type  worker is  

■ We will treat  as parameters for most part (can always find  to hit any ) 

■ All matches exogenously separate at rate 

p

z χ0uz

χ0 M χ0

δ
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M (∑z uz, ∑p vp)
M(∑z uz, ∑p vp)

∑z uz
× 1

∑p vp

χ0

vp ≡ χ0vp



Value Functions
■ Value functions: 

 
 
 
 
 
 
 

■ Joint match surplus, , followsSz,p ≡ Wz,p + Jz,p − Uz − Vp
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ρUz = χ0 ∑
p

vp max{Wz,p − Uz,0}

ρWz,p = wz,p + δ(Uz − Wz,p)

ρVp = χ0 ∑
z

uz max{Jz,p − Vp,0}

ρJz,p = f(z, p) − wz,p + δ(Vp − Jz,p)

(ρ + δ)Sz,p = f(z, p) − ρUz − ρVp



Nash Bargaining

■ Assume wage is determined by Nash bargaining with worker bargaining power : 
 
 

■ This results in 
 
 

γ
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Wz,p = Uz + γSz,p

Jz,p = Uz + (1 − γ)Sz,p

max
wz,p

(Wz,p − Uz)γ(Jz,p − Vp)1−γ



Equilibrium Conditions
■  solve 

 
 
 
 

■ The steady state distribution  satisfy 
 
 
 

■ Wage is given by 

{Sz,p, Vp, Uz}

{ϕz,p, uz, vp}

wz,p = ρUz + γ(ρ + δ)Sz,p
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ρUz = χ0γ∑
p

vp max{Sz,p,0}

ρVp = χ0(1 − γ)∑
z

uz max{Sz,p,0}

(ρ + δ)Sz,p = f(z, p) − ρUz − ρVp

δϕz,p = χ0uzvp𝕀[Sz,p > 0]

uz = mz − ∑p ϕz,p, vp = np − ∑z ϕz,p



Frictionless Matching
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PAM
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p

z

ζ̄(p)

ζ(p)

We say PAM when  
 and  are 

increasing
ζ̄(p) ζ(p)



NAM
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p

z

ζ̄(p)

ζ(p)

We say NAM when  
and  are decreasing

ζ̄(p)
ζ(p)



Equilibrium Properties
■ Does equilibrium exist? — Yes! (Shimer & Smith, 2000) 

■ Is equilibrium unique? — Not in general (Shimer & Smith, 2000) 

■ Matching pattern (Shimer & Smith, 2000): 

•   PAM 

•   NAM 

■ With search friction, a stronger condition is needed than the frictionless case 

• Even when , “good” and “middle” form a match due to search friction 
• “Middle” and “middle” then may decide not to form a match 
• But “Low” and “Middle”  instead form a match

∂zp f ≥ 0,∂zp[log fz] ≥ 0,∂zp[log fzp] ≥ 0 ⇒

∂zp f ≤ 0,∂zp[log fz] ≤ 0,∂zp[log fzp] ≤ 0 ⇒

∂zp f > 0
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Parametric Assumption

■ Suppose  
 
 

•   PAM 

■ No theoretical result, but numerically, sufficiently high   NAM

ς < 1 ⇒

ς ⇒
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f(z, p) = (αz
ς − 1

ς + (1 − α)p
ς − 1

ς )
ς

ς − 1



Matching Sets
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ς = 0.1 ς = 3



PAM ( )ς = 0.1
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NAM ( )ς = 3
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 Recap: Data in BLM (2019)
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718 S. BONHOMME, T. LAMADON, AND E. MANRESA

FIGURE 2.—Main parameter estimates of the static model. Notes: Estimates of the static model, on
2002–2004. In the left graph, we plot estimates of means of log-earnings, by worker type and firm class. We
order the K = 10 firm classes (on the x-axis) by mean log-earnings. On the y-axis, we report estimates of mean
log-earnings for the L = 6 worker types. In the right graph, we show estimates of the proportions of worker
types in each firm class. In the left graph, the brackets indicate pointwise parametric bootstrap 2.5%–97.5%
quantile bands (computed using 200 replications).

In the right panel of Figure 2, we report the estimated proportions of worker types in
each firm class. The results show how the composition of worker types differs markedly
across firm classes. For example, the lowest-class firms (in terms of mean log-earnings)
employ mostly the bottom two worker types, while the highest-class firms employ mostly
the top three worker types. Overall, the two graphs in Figure 2 suggest that variation
in log-earnings between firm classes is mainly due to firms employing different workers,
rather than differences in earnings for a given worker type.

Variance Decomposition and Reallocation

We next report the results of several exercises that illustrate how earnings and heterogene-
ity relate to each other. We start with a decomposition of the variance of log-earnings. In
the literature since Abowd, Kramarz, and Margolis (1999), it is common to decompose
the variance of log-earnings—net of observed covariates—into four components: the vari-
ance of worker effects α (i.e., coefficients of worker type indicators), the variance of firm
effects ψ (i.e., coefficients of firm class indicators), twice the covariance between the two,
and the variance of residuals ε. In our nonlinear model, we perform a similar decomposi-
tion by working with a linear projection of log-earnings on worker type indicators and firm
class indicators, in a regression without interactions. The results of the decomposition re-
ported in the top panel of Table II show two main features. First, worker heterogeneity
explains substantially more variation in earnings than firm heterogeneity. Differences in
firm classes only account for 2$6% of the variance, compared to 60% for the part due
to differences in worker types. The second main finding is that the part explained by the
covariance is substantial. The correlation between worker and firm effects is 49%, which
suggests the presence of strong sorting between workers and firms. This is in line with the
evidence documented in the right panel of Figure 2.

As a first way to quantify the economic magnitude of complementarities, we next assess
the explanatory power of worker types and firm classes when those enter the regression
interactively as opposed to additively. The R2 coefficient in the linear regression is 74$8%,
while in the regression that includes all interactions between worker type indicators and
firm class indicators, the R2 is 75$8%. Hence, while the left panel of Figure 2 suggests the
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Puzzle
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“the presence of strong sorting, together with the absence of strong 
complementarities in wages, is difficult to reconcile with models where 
sorting is driven by complementarities in production” 

— Bonhomme, Lamadon and Manresa (2019)



Sorting and Wages with Selection 
 
— Borovičková & Shimer (2025)
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Solution to the Puzzle

■ Extend Shimer & Smith (2000) with idiosyncratic match quality 

■ When a worker and a firm meet, they draw a match quality  

■ They then decide whether to form a match or not 

■ A match  with match quality  produces  

■ This is the only modification

ω ∼ G(ω)

(z, p) ω ωf(z, p)
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Value Functions
■ Value functions: 

 
 
 
 
 
 

■ The employment value is (in order to think about wage)
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ρUz = χ0γ∑
p

vp ∫
∞

0
max{Sz,p(ω),0}dG(ω)

ρVp = χ0(1 − γ)∑
z

uz ∫
∞

0
max{Sz,p(ω),0}dG(ω)

(ρ + δ)Sz,p(ω) = ωf(z, p) − ρUz − ρVp

ρWz,p(ω) = wz,p(ω) + δ(Uz − Wz,p(ω))



Steady State Distribution

■ The steady state distribution satisfies
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δϕz,p = χ0uzvp(1 − G(ωz,p))

uz = mz − ∑
p

ϕz,p

vp = np − ∑
z

ϕz,p



Equilibrium Analysis
■ The reservation match quality above which the match is formed, , satisfies 

 
 

■ The wage is given by 
 

■ Combining the above two expressions, 

ωz,p

27

ωz,p =
ρUz + ρVp

f(z, p)

wz,p(ω) = ρUz + γ [ωf(z, p) − ρUz − ρVp]

wz,p(ω) = ρUz + γ(ρUz + ρVp)[ ω
ωz,p

− 1]



Exact AKM in Level
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Suppose  is a Pareto,  with sufficiently low .  

Then, the wage of worker of  of type  employed at firm  of type   is 
 

where  
 
 
 
and .

G G(ω) = 1 − (ω/ω̆)−θ ω̆

i zi j pj

𝔼[ϵi,j |z = zi, p = pj] = 0

wi,j = αzi
+ ψpj

+ ϵi,j

αz ≡ (1 +
γ

θ − 1 ) ρUz, ψp ≡
γ

θ − 1
ρVp, ϵi,j ≡ γ(ρUz + ρVp)( ω

ωz,p
−

θ
θ − 1 )

■ This is an exact AKM equation in level!



Proof
■ Manipulating the wage equation, 

■ Since  follows Pareto with shape  and scale , we haveω |ω ≥ ωz,p θ ωz,p
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wz,p(ω) = ρUz + γ(ρUz + ρVp)[ ω
ωz,p

− 1]
= ρUz + γ(ρUz + ρVp)[ ω

ωz,p
− θ

θ − 1

≡ ϵz,p(ω)

+ θ
θ − 1 − 1]

= ρUz (1 +
1

θ − 1
γ) +

1
θ − 1

γρVp + γ(ρUz + ρVp)ϵz,p(ω)

𝔼[ϵz,p(ω) |z, p] = 0



Unpacking Striking Implications

The previous result is striking in many ways 

■ The goods news is that it provides a structural interpretation of AKM but in level 
• In practice, whether to take a log or not matters little, so good news 

• Unlike Morchio-Moser (2025), we have an error term satisfying  

■ The bad news is that wages are useless to learn about  

■ Regardless of : 

• High  firms pay higher wages for any worker on average 
- In contrast to Shimer-Smith! 

• High  firms earn higher wages at any firm

𝔼zi,pj
[ϵi,j] = 0

f(z, p)

f(z, p)

Vp

Uz
30

wi,j = αzi
+ ψpj

+ ϵi,j



Sorting
■ What about sorting? 

■ We say  satisfies the monotone likelihood ratio property (MLRP) if  
 
 
 
 
for all  and  

■ The definition states that we are more likely to find “good” workers at “good” firms 

■ It is equivalent to say  is strictly log-supermodular in  (i.e., ) 

■ This is an analogue of positive assortative matching in Shimer-Smith

ϕz,p

z1 < z2 p1 < p2

ϕz,p (z, p) ∂z,p[ln ϕz,p] > 0
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ϕz2,p2

ϕz1,p2

>
ϕz2,p1

ϕz1,p1



Positive Assortative Matching
■ Under a weak condition on , we find positive assortative matching 

 
 
 
 
 
 
 

■ Despite wage not being supermodular, positive assortative matching obtains! 

■ Provides a unified explanation of the wages and sorting patterns in BLM

f(z, p)
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Suppose  is a Pareto,  with sufficiently low . 

Also assume  is strictly increasing and weakly log-supermodular in  (i.e., 
, and ).  

Then,  has a monotone likelihood ratio property. 

G G(ω) = 1 − (ω/ω̆)−θ ω̆

f(z, p) (z, p)
∂z f > 0,∂p f > 0 ∂z,p[log f ] ≥ 0

ϕz,p



Proof
1. Since , 

 
 
 
where we used  and  are strictly increasing and   is log-supermodular. 

2. Using  with Pareto distribution, 
 
 
 
 
 
which is equivalent to MLRP of 

ωz,p =
ρUz + ρVp

f(z, p)

Uz Vp f

δϕz,p = χ0uzvp(1 − G(ωz,p))

ϕz,p
33

∂z,p ln ωz,p = −
∂zUz ∂pVp

(Uz + Vp)2
− ∂z,p ln f(z, p) < 0

∂z,p[ln ϕz,p] = ∂z,p[ln(1 − G(ωz,p))]

= − θ∂z,p[ln ωz,p]

> 0



The Role of Selection: ITT and ATT
■ Suppose a policymaker wants to increase the wages of worker  employed at  

■ What if we separate the match and create a meeting between worker  and firm ? 

■ A naive policymaker, based on AKM, might conclude that it increases wage by 
 

• In fact, this is the average treatment effect on treated (ATT) 

■ Such a conclusion is misleading in this model because the intent to treat (ITT) is 
 

• may well decrease income even if 

z p

z p′￼

ψz,p′￼
> ψz,p

34

𝔼ω≥ωz,p′￼
[wz,p′￼

] − 𝔼ω≥ωz,p
[wz,p] = ψp′￼

− ψp

𝔼[wz,p′￼
] − 𝔼ω≥ωz,p

[wz,p] = (1 − G(ωz,p′￼
)) ψp′￼

− ψp



Sorting and Wages with Selection: 
Quantification with On-the-Job Search 
 
— Borovičková & Shimer (2024)

35



Quantitative Model

■ Now we would like to see whether the model can quantitatively replicate BLM 

■ In doing so, we introduce the on-the-job search 
• On-the-job search is how a typical worker switch firms in the data 
• It helps us to match the wage dispersion 

■ At rate , an employed worker meets with firm  

■ At rate , a vacancy meets with an employed worker  at firm  

■ Assume Nash bargaining with outside option being unemployment 
• no sequential auction

χ1vp p

χ1ϕz,p z p
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Worker Value Functions

■ Unemployed: 
 
 

■ Employed:
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ρUz = χ0 ∑
p

vp ∫
∞

0
max{Wz,p(ω),0}dG(ω)

ρWz,p(ω) = wz,p(ω) + δ(Uz − Wz,p(ω)

+χ1 ∑
p′￼

vp′￼∫ max{Wz,p′￼
(ω′￼) − Wz,p(ω),0}dG(ω′￼)



Firm Value Functions
■ Vacant job: 

 
 
 
 

■ Filled job:

38

ρVp = χ0 ∑
z

uz ∫
∞

0
max{Jz,p(ω),0}dG(ω)

+χ1 ∑
z

∑
p′￼

∫ ϕz,p(ω′￼)∫ (Jz,p(ω) − Vp)𝕀Wz,p(ω)>Wz,p′￼(ω′￼)dG(ω)dω′￼

ρJz,p(ω) = ωf(z, p) − wz,p(ω) + δ(Vp − Jz,p(ω))

+χ1 ∑
p′￼

vp′￼∫ 𝕀Wz,p′￼(ω′￼)>Wz,p(ω)dG(ω′￼)(Vp − Jz,p(ω))



Nash Bargaining
■ The wages are determined by Nash bargaining: 

 
 

• Again, no sequential auction here 

■ This gives:

39

max
wz,p(ω)

(Wz,p(ω) − Uz)γ(Jz,p(ω) − Vp)1−γ

Wz,p(ω) = Uz + γSz,p(ω)

Jz,p(ω) = Vp + (1 − γ)Sz,p(ω)



Match Surplus
■ Substituting the Nash bargaining equations into the value functions, 

 
 
 
 
 
 
 
where the joint match surplus  solves 
 
 
 

Sz,p(ω)

40

ρUz = χ0γ∑
p

vp ∫
∞

0
max{Sz,p(ω),0}dG(ω)

ρVp = χ0(1 − γ)∑
z

uz ∫
∞

0
max{Sz,p(ω),0}dG(ω)

(ρ + δ)Sz,p(ω) = ωf(z, p) − ρUz − ρVp + χ1 ∑
p

vp ∫Sz,p′￼(ω′￼)>Sz,p(ω)
[γSz,p′￼

(ω′￼) − Sz,p(ω)] dG(ω′￼)



■ Steady state employment distribution satisfies: 
 
 
 
 
 

■ The mass of unemployed and vacant jobs are: 
 
 
 

Steady State Distribution

41

ϕz,p(ω) δ + χ1 ∑
p′￼

vp′￼∫
∞

0
𝕀Sz,p′￼(ω′￼)≥Sz,p(ω)dG(ω′￼)

= vpg(ω) χ0uz𝕀Sz,p(ω)≥0 + χ1

Y

∑
p′￼=1

∫
∞

0
𝕀Sz,p(z)≥Sz,p′￼(ω′￼)ϕz,p′￼

(ω′￼)dω′￼

uz = mz − ∑
p

∫ ϕz,p(ω)dω

vp = np − ∑
z

∫ ϕz,p(ω)dω



Calibration
■ Annual calibration: , , ,  

■  worker types, 10 firm types, with each type measure  

•  

•  

■ Assume  
 

■ Estimate  to target the wage decomposition in BLM:

ρ = 0.05 δ = 0.25 γ = 0.5 χ1 = 0.2χ0

10 0.1

log z ∈ [0, log(1 + Δz),2 log(1 + Δz), …,9 log(1 + Δz)]

log p ∈ [0, log(1 + Δp),2 log(1 + Δp), …,9 log(1 + Δp)]

(Δz, Δw, ς, θ)

42

f(z, p) = (αz
ς − 1

ς + (1 − α)p
ς − 1

ς )
ς

ς − 1 with α = 1/2

var(logW ) var(↵) var( ) 2cov(↵, ) var(") corr(↵, )
BLM 0.1240 0.0747 0.0053 0.0166 0.0274 0.4190
KSS 0.1843 0.1119 0.0240 0.0294 0.0190 0.2830

Table 1: Decomposition of the variance of log wages into four components: variance of
worker types, firm types, twice its covariance and the variance of the error term. The first
row shows the decomposition reported in the dynamic model in Bonhomme, Lamadon and
Manresa (2019). Their Table I shows the variance of wages, while the relative variance of
the other components are in their Table V. The second row shows the decomposition in the
Leave-Out estimator in Kline, Saggio and Sølvsten (2020). Their Table I shows the variance
of the log daily wage, while their Table II shows the remaining components of the variance
decomposition.

the variance of the residual var("). They show their results in their Tables I and V.12 We

show them in the first row of our Table 1 for convenience.

Kline, Saggio and Sølvsten (2020) use a di↵erent econometric methodology to perform

a similar variance decomposition using administrative data from the Veneto region of Italy.

They do not estimate the average log wage for each worker-firm pair, but instead impose that

the log wage is additive in the worker’s and firm’s unobserved type, as in Abowd, Kramarz

and Margolis (1999). They address biases in ordinary least squares estimates of the log wage

variance decomposition though their Leave-Out estimator. We use this decomposition, shown

in their Tables I and II and again repeated in the second row our Table 1 for convenience.

The di↵erence in the variance decomposition between BLM and KSS comes from dif-

ferences in data sets (Sweden vs. Veneto, monthly earnings vs. daily wages, etc.), as well

as di↵erences in the econometric methodologies.13 Notably, the overall variance of wages is

higher in the KSS data than in the BLM data, as are all components of the decomposition

except the wage residual. Firm e↵ects are almost five times larger in the KSS data and the

correlation between worker and firm types is noticeably smaller. We take no stand on which

estimates are preferable, instead showing here that our model is able to match both.

For each set of estimates, we have four moments to target with the four parameters.14

12Bonhomme, Lamadon and Manresa (2019) propose two estimators, a static model and a dynamic
model. We report estimates from their dynamic model because our on-the-job search model satisfies the
assumptions needed for consistent estimation of their dynamic model but not of their static model. The
estimated variance of the firm e↵ects in their static model is smaller, and indeed smaller than any other
estimates we are aware of in the literature.

13Our model makes no distinction between wages and hours for employed workers, since hours are fixed.
See Bonhomme, Holzheu, Lamadon, Manresa, Mogstad and Setzler (2023) for a comparison of di↵erent
econometric approaches to estimating the variance decomposition. We believe both estimators are credible.

14By construction, var(logW ) = var(↵) + var( ) + 2cov(↵, ) + var(") and corr(↵, ) =
cov(↵, )/

p
var(↵)var( ). Since the four targets are a non-linear function of the model parameters, there is

no guarantee that we can match these moments.
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Successfully Replicate BLM
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Figure 1: Average log wages and distribution of worker types conditional on firm type in
the model with on-the-job search for BLM and KSS calibration. The left panels show the
average log wage w⇤

x,y paid by di↵erent firms for di↵erent worker types. Each line represents
one worker type. The right panels show the distribution of worker types x in firms with
di↵erent firm types y. The top row shows results for BLM calibration, bottom row for KSS
calibration. See Table 2 for parameter values.
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