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Questions

■ Investment constitutes  20% of GDP  

■ Yet, it is the most volatile component of GDP 

■ What determines investment? 

• Recall in Solow model, this was mechanical,  

■ How can a policy stimulate investment in recessions?

≈

It = sYt
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Investment with Two Periods
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Setup
■ Consider a firm operating the following production function 

 

■ Firms own capital stock  and invest with convex adjustment costs  
 

■ Firms hire labor in the competitive labor market with wage  

■ The firm maximizes the presented discounted value of dividends 
 
 
where  is the profit of a firm in period 

Kt Φ(It, Kt)

wt

Dt = Ft(Kt, Lt) − wtLt − It − Φ(It, Kt) t
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Ft(Kt, Lt) = AtKα
t L1−α

t

D0 +
1

1 + r
D1

K1 = (1 − δ)K0 + I0, δ : depreciation rate



Adjustment Costs

■ We assume the following adjustment cost function 
 
 

■ This function is increasing and convex in  
• The additional investment costs more when you are already investing a lot 

■ This function is constant returns to scale in  
• doubling your investment and capital also doubles the cost of investment

I

(I, K)
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Φ(I, K) =
ϕ
2 ( I

K )
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Firm’s Problem
■ Given , a firm solves 

 
 
subject to 

■ The first-order conditions with respect to : 

■ The first-order condition with respect to  is 
 
 
 
LHS: marginal cost of investment,     RHS: marginal benefit of investment

K0

Lt

I0
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max
L0,I1,K1,L1

[F0(K0, L0) − w0L0 − I0 − Φ(I0, K0)] +
1

1 + r [F1(K1, L1) − w1L1]

K1 = K0(1 − δ) + I0

∂Ft(Kt, Lt)
∂Lt

= wt

1 +
∂Φ(I0, K0)

∂I0
=

1
1 + r

∂F1(K1, L1)
∂K1

(1)

(2)



Investment Solution
■ With our functional forms, we can solve for labor demand using (1): 

■ Equation (2) is 
 
 

■ Combining (3) and (4), 
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Lt = (1 − α)1/αA1/α
t w−1/α

t Kt

1 + ϕ
I0

K0
=

1
1 + r

αA1Kα−1
1 L1−α

1

(3)

(4)

I0

K0
=

1
ϕ [ 1

1 + r
α(1 − α)1 − α

α A
1
α
1 w− 1 − α

α
1 − 1]



Comparative Statics

Investment is higher when   

■ interest rate, , is lower 

■ future productivity, , is higher 

■ future wage, , is lower 

All should be intuitive

r

A1

w1
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(5)
I0

K0
=

1
ϕ [ 1

1 + r
α(1 − α)1 − α

α A
1
α
1 w− 1 − α

α
1 − 1]



Value of Firms

■ Let us rewrite firm’s investment in a different way 

■ Define the value of firms (discounted future profits): 
 

• In principle,  should correspond to the stock price of the firm 

■ Using the definition, , and labor demand (3), 
 
 

■ Define , which we call “q”

V1

D1 = F1(K1, L1) − w1L1

q1 ≡ V1/K1

13

V1 =
1

1 + r
D1

V1 =
1

1 + r
αA

1
α
1 (1 − α)1 − α

α w− 1 − α
α

1 K1



Q-Theory of Investment
■ With the definition of “q”, we can rewrite investment equation (5) as 

 

■ We often refer to the above expression as “q-theory of investment” 

■ Investment is positive if and only if  
• The average value of capital is higher than its cost 

■ Investment is negative if and only if  
• The average value of capital is lower than its cost 

■ Importantly,  summarizes the impact of  (“sufficient statistics”)

q1 > 1

q1 < 1

q1 r, w1, A1
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I0

K0
=

1
ϕ [q1 − 1]



Investment with Many Periods
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Investment Problem with Many Periods
■ We generalize the previous model to many periods,  

■ The firm solves 
 
 
 
subject to

t = 0,…, T
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max
{It,Kt+1,Dt,Lt}

T

∑
t=0

1

∏t−1
s=0 (1 + rs)

Dt

Dt = Ft(Kt, Lt) − wtLt − It − Φ(It, Kt)

Kt+1 = (1 − δ)Kt + It



Lagrangian
■ The Lagrangian is 

 
 

■ First-order conditions with respect to  areLt, It, Kt
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ℒ =
T

∑
t=0

1

∏t−1
s=0 (1 + rs)

{[Ft(Kt, Lt) − wtLt − It − Φ(It, Kt)] + qt+1 [Kt+1 − (1 − δ)Kt − It]}

∂Ft(Kt, Lt)
∂Lt

= wt

1 +
∂Φ(It, Kt)

∂It
= qt+1

qt =
1

1 + rt−1 [ ∂Ft(Kt, Lt)
∂Kt

−
∂Φ(It, Kt)

∂Kt
+ (1 − δ)qt+1]



Optimality Conditions
■ With our functional form assumptions, the first two conditions can be written as 

 
 
 

■ Using the above two, the thrid condition is
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qt =
1

1 + rt
αAt+1Kα−1

t+1 L1−α
t+1 +

ϕ
2 (

It+1

Kt+1 )
2

+ (1 − δ)qt+1

=
1

1 + rt
α(At+1)

1
α(1 − α)1 − α

α w− 1 − α
α

t+1 −
It+1

Kt+1
−

ϕ
2 (

It+1

Kt+1 )
2

+ (
It+1

Kt+1
+ (1 − δ)) qt+1

It

Kt
=

1
ϕ [qt − 1]

Lt = (1 − α)1/αA1/α
t w−1/α

t Kt (7)

(8)



Firm’s Value
■ Define the firm’s value as the cumulative discounted sum of future profits
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Vt =
T

∑
k=t+1

1
∏t

s=t (1 + rs)
Dk

=
1

1 + rt
Dt+1 +

T

∑
k=t+2

1
∏t

s=t+1 (1 + rs)
Dk

=
1

1 + rt
[Ft+1(Kt+1, Lt+1) − wt+1Lt+1 − It+1 − Φ(It+1, Kt+1) + Vt+1]



Firm’s Value per unit Capital = Q
■ The firm’s value per unit capital is, using (6), 

 
 
 
 
 
 
 

■ Comparing (8) and (9), we conclude
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Q-Theory of Investment
■ Q-theory of investment: 

 

■ Investment is positive if and only if   
• The average value of capital, “q”, is higher than its cost 

■ “q” is of course a function of parameters: 
 
 
 

•  is higher if  is higher,  is lower, and  is lower

qt > 1

qt At rt wt
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=

1
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Stimulating Investment  
through Temporary Tax Incentives 

— Zwick and Mahon (2017)
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Background

■ Background: weak investment during 00-01 and 07-08 recessions 

■ In response, Congress passed a bill that allows “bonus depreciation” 

■ The policies were intended as economic stimulus 

■ What is “bonus depreciation”? 

■ Was it successful in stimulating investment?

23



Tax System
■ Consider a firm buying $1 million worth of computers 

■ The firm owes corporate taxes on income net of business expenses 

■ Expenses on nondurable items (e.g., wages): 
the firm can immediately deduct the full cost of these items on its tax return 

■ Expenses on investment: 
the firm split deduction over multiple years (exact schedule differs by investment)

24
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Usually, the firm follows the regular depreciation schedule in the top panel of 
Table 1. The first year deduction is $200,000, which provides an  after-tax benefit 
of $70,000. Over the next five years, the firm deducts the remaining $800,000. The 
total undiscounted deduction is the $1 million spent and the total undiscounted tax 
benefit is $350,000.

The value of these deductions thus depends on the tax rate and how the schedule 
interacts with the firm’s discount rate. We collapse the stream of future depreciation 
deductions owed for investment:

(1)   z   0  =  D 0   +   ∑ 
t=1

  T

        1 _____  (1 + r)   t      D t   , 

where   D t    is the allowable deduction per dollar of investment in period  t  ,  T  is the 
class life of investment, and  r  is the  risk-adjusted rate the firm uses to discount 
future flows.   z   0   measures the present discounted value of one dollar of investment 
deductions before tax. If the firm can immediately deduct the full dollar, then   z   0   
equals one. Because of discounting,   z   0   is lower for  longer-lived items (i.e., items 
with greater  T  ), which forms the core of our identification strategy.

In general, the stream of future deductions depends on future discount rates 
and tax rates. For discount rates, we apply a  risk-adjusted rate of 7 percent for 
 r  to compute   z   0   in the data, which enables comparison to past work. Our empirical 
analysis assumes the effective tax rate does not change over time, except when the 
firm is nontaxable.6 When the next dollar of investment does not affect this year’s 
tax bill, then the firm must carry forward the deductions to future years.7

6 We use the top statutory tax rate in the set of specifications requiring a tax rate. This is an upper bound on 
the more realistic effective marginal tax rate, which in turn depends on tax rate progressivity and the level of other 
expenses relative to taxable income. See, e.g., Graham (1996, 2000) for a method tracing out the marginal tax 
benefit curve. The policies we study will increase the use of investment as a tax shield regardless of where the firm 
is on this marginal benefit curve. Except when current and all future taxes are zero, bonus increases the marginal 
tax benefit of investment. 

7 This assumes that “carrybacks”—in which firms apply unused deductions this year against past tax bills—have 
been exhausted or ignored. 

Table 1—Regular and Bonus Depreciation Schedules for Five-Year Items

Year: 0 1 2 3 4 5 Total

Normal depreciation
Deductions (000s) 200 320 192 115 115 58 1,000
Tax benefit ( τ = 35 percent ) 70 112 67.2 40.3 40.3 20.2 350

Bonus depreciation (50 percent)
Deductions (000s) 600 160 96 57.5 57.5 29 1,000
Tax benefit ( τ = 35 percent ) 210 56 33.6 20.2 20.2 10 350

Notes: This table displays year-by-year deductions and tax benefits for a $1 million investment in computers, a five-
year item, depreciable according to the Modified Accelerated Cost Recovery System (MACRS). The top schedule 
applies during normal times. It reflects a half-year convention for the purchase year and a 200 percent declining 
balance method (2× straight line until straight line is greater). The bottom schedule applies when 50 percent bonus 
depreciation is available. 

Source: Authors’ calculations. See IRS publication 946 for the recovery periods and schedules applying to other 
class lives (https://www.irs.gov/uac/about-publication-946).

Example (corporate tax rate = 35%)



Bonus Depreciation
■ Bonus depreciation allows to deduct   of remaining expenses immediately 

■ The total amount deducted over time does not change 

■ Bonus depreciation only accelerates the deductions. Why stimulate investment?

b %
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Usually, the firm follows the regular depreciation schedule in the top panel of 
Table 1. The first year deduction is $200,000, which provides an  after-tax benefit 
of $70,000. Over the next five years, the firm deducts the remaining $800,000. The 
total undiscounted deduction is the $1 million spent and the total undiscounted tax 
benefit is $350,000.

The value of these deductions thus depends on the tax rate and how the schedule 
interacts with the firm’s discount rate. We collapse the stream of future depreciation 
deductions owed for investment:

(1)   z   0  =  D 0   +   ∑ 
t=1

  T

        1 _____  (1 + r)   t      D t   , 

where   D t    is the allowable deduction per dollar of investment in period  t  ,  T  is the 
class life of investment, and  r  is the  risk-adjusted rate the firm uses to discount 
future flows.   z   0   measures the present discounted value of one dollar of investment 
deductions before tax. If the firm can immediately deduct the full dollar, then   z   0   
equals one. Because of discounting,   z   0   is lower for  longer-lived items (i.e., items 
with greater  T  ), which forms the core of our identification strategy.

In general, the stream of future deductions depends on future discount rates 
and tax rates. For discount rates, we apply a  risk-adjusted rate of 7 percent for 
 r  to compute   z   0   in the data, which enables comparison to past work. Our empirical 
analysis assumes the effective tax rate does not change over time, except when the 
firm is nontaxable.6 When the next dollar of investment does not affect this year’s 
tax bill, then the firm must carry forward the deductions to future years.7

6 We use the top statutory tax rate in the set of specifications requiring a tax rate. This is an upper bound on 
the more realistic effective marginal tax rate, which in turn depends on tax rate progressivity and the level of other 
expenses relative to taxable income. See, e.g., Graham (1996, 2000) for a method tracing out the marginal tax 
benefit curve. The policies we study will increase the use of investment as a tax shield regardless of where the firm 
is on this marginal benefit curve. Except when current and all future taxes are zero, bonus increases the marginal 
tax benefit of investment. 

7 This assumes that “carrybacks”—in which firms apply unused deductions this year against past tax bills—have 
been exhausted or ignored. 

Table 1—Regular and Bonus Depreciation Schedules for Five-Year Items

Year: 0 1 2 3 4 5 Total

Normal depreciation
Deductions (000s) 200 320 192 115 115 58 1,000
Tax benefit ( τ = 35 percent ) 70 112 67.2 40.3 40.3 20.2 350

Bonus depreciation (50 percent)
Deductions (000s) 600 160 96 57.5 57.5 29 1,000
Tax benefit ( τ = 35 percent ) 210 56 33.6 20.2 20.2 10 350

Notes: This table displays year-by-year deductions and tax benefits for a $1 million investment in computers, a five-
year item, depreciable according to the Modified Accelerated Cost Recovery System (MACRS). The top schedule 
applies during normal times. It reflects a half-year convention for the purchase year and a 200 percent declining 
balance method (2× straight line until straight line is greater). The bottom schedule applies when 50 percent bonus 
depreciation is available. 

Source: Authors’ calculations. See IRS publication 946 for the recovery periods and schedules applying to other 
class lives (https://www.irs.gov/uac/about-publication-946).

Example of 50% bonus depreciation



Modeling Taxes

■ Back to the two-period model 

■ Let  be corporate tax rate 

■ Let  be the percentage of  investment that firms can deduct immediately 

■ The remaining  are deducted at 

τ

z0 t = 0

z1 ≡ 1 − z0 t = 1

26



Investment Problem with Taxes

subject to 

27

max
L0,I1,K1,L1

[(1 − τ)[F0(K0, L0) − w0L0] − I0 − Φ(I0, K0) + τz0 (I0 − Φ(I0, K0))]
+

1
1 + r [(1 − τ)(F1(K1, L1) − w1L1) + τz1 (I0 + Φ(I0, K0))]

K1 = K0(1 − δ) + I0



Optimality Conditions
■ The first-order conditions are 

 
 
 

■ Define : 

• The presented discounted value of deductions per unit investment   

■ Plugging (10) into (11), 
 
 

zN ≡ τz0 +
1

1 + r
τz1

28

Lt = (1 − α)1/αA1/α
t w−1/α

t Kt

[1 − τz0 −
1

1 + r
τz1] (1 + ϕ

I0

K0 ) =
1 − τ
1 + r

αA1Kα−1
1 L1−α

1

(10)

(11)

I0

K0
=

1
ϕ [ 1

1 + r
1 − τ
1 − zN

α(1 − α)1 − α
α A

1
α
1 w− 1 − α

α
1 − 1]



Impact of Bonus Depreciation in the Model

■ Bonus depreciaation  allows firms to deduct extra  of  at  
 

■ How does bonus depreciation (an increase in ) affect investment? 
 
 

• Bonus depreciation increases present discounted value of deductions if  
• More deductions lower the effective investment costs and stimulate investment

b b % z1 t = 0

b

r > 0

29

d(I0/K0)
dzN

> 0,
dzN

db
= τz1 (1 −

1
1 + r ) > 0

I0

K0
=

1
ϕ [ 1

1 + r
1 − τ
1 − zN

α(1 − α)1 − α
α A

1
α
1 w− 1 − α

α
1 − 1]

zN = τ(z0 + bz1) +
1

1 + r
τ(z1 − bz1)



Empirical Setup
■ Bonus depreciation implementation (  in our model): 

• 2001-2003: 30% 
• 2003-2004: 50% 
• 2008-2010: 50% 
• 2009-2010: 100% 

■ Construct presented discounted value of deductions (  in our model) by industry 

■ Industries had the same  but differed in the original deductions schedule,  &  

■ If industries have long-duration schedules (higher ), the impact of  is higher

b

zN

b z0 z1

z1 b

30

dzN

db
= τz1 (1 −

1
1 + r )



Impact of Bonus Derpeciation

■ Higher-duration industries increase investment relative to low-duration industries 

■ Bonus depreciation raised investment of eligible capital by 10-15%
31
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model. The baseline specification includes year and firm fixed effects. Standard 
errors are clustered at the firm level in the intensive margin and tax term models.21 
Because log odds ratios are computed at the industry level, standard errors in the 
extensive margin model are clustered at the industry level.

The first column reports an intensive margin  semi-elasticity of investment with 
respect to  z  of 3.7, an extensive margin  semi-elasticity of 3.8, and a tax term elas-
ticity of  − 1.6 . The average change in   z N, t    was  4.8  cents (or 0.048) during the early 

21 This is consistent with recent work (e.g., Desai and Goolsbee 2004; Edgerton 2010; Yagan 2015) and enables 
us to compare our confidence bands to past estimates. The implicit assumption that errors within industries are inde-
pendent is strong, for the same reason that Bertrand, Duflo, and Mullainathan (2004) criticize papers that cluster at 
the individual level when studying state policy changes. Our results in this section are robust to industry clustering, 
as are the tax splits in the next section. 

Figure 1. Calendar Difference-in-Differences 

Notes: The top graphs plot the average logarithm of eligible investment over time for groups sorted according to 
their industry-based treatment intensity. Treatment intensity depends on the average duration of investment, with 
long-duration industries (treatment groups) seeing a larger average price cut due to bonus than short-duration indus-
tries (control groups). The bottom graphs plot the industry-level log odds ratio for the probability of positive eligi-
ble investment, thus offering a measure of the extensive margin response. The treatment years for bonus I are 2001 
through 2004 and 2008 through 2010 for bonus II. In these years, the difference between changes in the dark and 
the light lines provides a difference-in-differences estimator for the effect of bonus in that year for those groups. 
The earlier years provide placebo tests and a demonstration of parallel trends. The averages plotted here result from 
a two-step regression procedure. First, we nonparametrically reweight the group-by-year distribution (i.e., Dinardo, 
Fortin, and Lemieux 1996 reweight) within ten size bins based on assets crossed with ten size bins based on sales 
to address sampling frame changes over time. Second, we run cross-sectional regressions each year of the outcome 
variable on an indicator for treatment group and a rich set of controls, including ten-piece splines in assets, sales, 
profit margin, and age. We plot the residual group means from these regressions. To align the first year of each series 
and ease comparison of trends, we subtract from each dot the group mean in the first year and add back the pooled 
mean from the first year. All means are count weighted. 

Source: Authors’ calculations
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model. The baseline specification includes year and firm fixed effects. Standard 
errors are clustered at the firm level in the intensive margin and tax term models.21 
Because log odds ratios are computed at the industry level, standard errors in the 
extensive margin model are clustered at the industry level.

The first column reports an intensive margin  semi-elasticity of investment with 
respect to  z  of 3.7, an extensive margin  semi-elasticity of 3.8, and a tax term elas-
ticity of  − 1.6 . The average change in   z N, t    was  4.8  cents (or 0.048) during the early 

21 This is consistent with recent work (e.g., Desai and Goolsbee 2004; Edgerton 2010; Yagan 2015) and enables 
us to compare our confidence bands to past estimates. The implicit assumption that errors within industries are inde-
pendent is strong, for the same reason that Bertrand, Duflo, and Mullainathan (2004) criticize papers that cluster at 
the individual level when studying state policy changes. Our results in this section are robust to industry clustering, 
as are the tax splits in the next section. 

Figure 1. Calendar Difference-in-Differences 

Notes: The top graphs plot the average logarithm of eligible investment over time for groups sorted according to 
their industry-based treatment intensity. Treatment intensity depends on the average duration of investment, with 
long-duration industries (treatment groups) seeing a larger average price cut due to bonus than short-duration indus-
tries (control groups). The bottom graphs plot the industry-level log odds ratio for the probability of positive eligi-
ble investment, thus offering a measure of the extensive margin response. The treatment years for bonus I are 2001 
through 2004 and 2008 through 2010 for bonus II. In these years, the difference between changes in the dark and 
the light lines provides a difference-in-differences estimator for the effect of bonus in that year for those groups. 
The earlier years provide placebo tests and a demonstration of parallel trends. The averages plotted here result from 
a two-step regression procedure. First, we nonparametrically reweight the group-by-year distribution (i.e., Dinardo, 
Fortin, and Lemieux 1996 reweight) within ten size bins based on assets crossed with ten size bins based on sales 
to address sampling frame changes over time. Second, we run cross-sectional regressions each year of the outcome 
variable on an indicator for treatment group and a rich set of controls, including ten-piece splines in assets, sales, 
profit margin, and age. We plot the residual group means from these regressions. To align the first year of each series 
and ease comparison of trends, we subtract from each dot the group mean in the first year and add back the pooled 
mean from the first year. All means are count weighted. 
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Heterogeneous Responses

■ Investment response is larger for 
• smaller firms 
• firms paying no dividends 
• firms with low cash holdings

32
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firms and statistically significantly different with a  p-value of 0.03.26 When we mea-
sure size with total assets or payroll, the results are unchanged.

The second two columns of Table 6 present separate estimates for firms who paid 
a dividend in any of the three years prior to the first round of bonus depreciation.27 
The  nonpaying firms are significantly more responsive. Our third sample split is 
based on whether firms enter the bonus period with relatively low levels of liquid 
assets. We run a regression of liquid assets on a  ten-piece linear spline in total assets 
plus fixed effects for  four-digit industry, time, and corporate form. We sort  firm-year 
observations based on the residuals from this regression lagged by one year. Note 
that this sort is approximately uncorrelated with firm size by construction. The last 
two columns of Table 6 report separate estimates for the top and bottom three deciles 
of residual liquidity. The results using this marker of liquidity parallel those in the 
size and dividend tests, with the low-liquidity firms yielding an estimate of 7.2 as 
compared to 2.8 for the high-liquidity firms.

Online Appendix Table B.6 presents means of various  firm-level characteristics 
for each size decile. The relationship between firm size and dividend activity is 
 non-monotonic, with both small and large firms exhibiting higher payout rates than 
firms in the middle of the distribution. Liquidity levels are somewhat lower for the 
smallest firms, but are constant across the rest of the firm size distribution. Thus, 
firm size is not a sufficient proxy for the other characteristics in accounting for the 
heterogeneity results.

26  Cross-equation tests are based on seemingly unrelated regressions with  firm-level clustering. 
27 We only use the first round of bonus for the dividend split. The dividend tax cut of 2003, which had a strong 

effect on corporate payouts (Yagan 2015), may have influenced the stability of this marker for the later period. 

Table 6—Heterogeneity by Ex Ante Constraints

Sales Div payer? Lagged cash

Small Big No Yes Low High

  z N, t    6.29 3.22 5.98 3.67 7.21 2.76
(1.21) (0.76) (0.88) (0.97) (1.38) (0.88)

Equality test   p = 0.030    p = 0.079    p = 0.000  

Observations 177,620 255,266 274,809 127,523 176,893 180,933

Clusters (firms)  29,618  29,637  39,195  12,543  45,824  48,936

  R    2   0.44 0.76 0.69 0.80 0.81 0.76

Notes: This table estimates regressions from the baseline intensive margin specification pre-
sented in Table 3. We split the sample based on pre-policy markers of financial constraints. 
For the size splits, we divide the sample into deciles based on the mean value of sales, with the 
mean taken over years 1998 through 2000. Small firms fall into the bottom three deciles and big 
firms fall into the top three deciles. For the dividend payer split, we divide the sample based on 
whether the firm paid a dividend in any of the three years from 1998 through 2000. The divi-
dend split only includes C corporations. The lagged cash split is based on lagged residuals from 
a regression of liquid assets on a ten-piece spline in total assets and fixed effects for four-digit 
industry, year, and corporate form. The comparison is between the top three and bottom three 
deciles of these lagged residuals. All regressions include firm and year fixed effects. Standard 
errors clustered at the firm level are in parentheses.

Source: Authors’ calculations 



Why Do Size, Dividend, and Cash Matter?
■ Do size, dividend, and cash matter in our model? 

■ No. Recall: 
 
 

■ Whether firms are large, pay dividends, or hold cash is irrelevant (on their own) 

■ Then why do we find such heterogeneity in the data? 

■ One explanation is financial friction 

■ The prevalence of financial friction is correlated with size, dividend, and cash 

■ Constrained firms could react more to bonus depreciation
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